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Abstract. It is shown how a selection of prominent results in singularity 
theory and differential geometry can be deduced from one theorem, the Rank 
Theorem for maps between spaces of power series. 



Contents 

1 . Introduction 

2. Felts and textile maps 

2.1. Textile Maps 

2.2. Differential calculus of textile maps 

3. Scissions of linear maps 

3.1. Scissions of fc[[a:]]-linear maps 

3.2. Scissions of arbitrary linear textile maps 

4. The Rank Theorem 

4.1. The Rank Theorem for textile maps 

4.2. The Parametric Rank Theorem 

4.3. The Rank Theorem for test-rings 

5. Six instances of the linearization principle 

5.1. On a fibration theorem by Denef and Loeser 

5.2. On a local factorization theorem of Grinberg-Kazhdan and Drinfeld 

5.3. On the solutions of polynomial differential equations 

5.4. On Tougeron's Implicit Function Theorem 

5.5. On Wavrik's Approximation Theorem 

5.6. On an inversion theorem by Lamel and Mir 

6. Outlook and unsolved problems 
References 



1 

8 
8 
3 
4 
4 

i2 

IS 
IE 
22 
23 
24 
24 
27 
29 
30 
31 
32 
33 
35 



1. Introduction 

Consider maps /: C[[a;]]P -> C[[a;]]'' between Cartesian products of formal or con- 
vergent power series rings in a; = (xi, . . . ,a;„). Such an / is called tactile if it is 
given by substitution of power series a{x) = (ai(x), . . . , ap(x)) e C[[x]]p for the 
variables y = (j/i, . . . , j/p) in a power series vector g{x, y) G C[[a::, y]]'' , 

/: a{x) ^ g{x,a{x)). 
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Maps of this type - and their associated zerosets {a e C[[a;]]^; 17(0;, a) = 0} which 
are cahed felts in this paper - are ubiquitous in local analytic geometry: arc spaces, 
local automorphism groups of varieties, i^-equivalence, approximation theorems. 

The main problem in these settings consists almost always in solving tactile equa- 
tions in a space of power series. In the finite dimensional situation, i.e., for analytic 
maps between affinc spaces and C^, the first instance for solving is given by 
the Implicit Function Theorem, or its more general companion, the Rank Theo- 
rem. Both results are used locally at points where the zeroset is smooth. In the 
infinite dimensional situation which we encounter with spaces of power series, the 
corresponding theorems are much more subtle. At their best, they allow to solve 
tactile equations from a certain degree on, meaning that if one knows an approx- 
imate power series solution up to sufficiently high degree, then an exact solution 
exists and its expansion can be determined. 

The present paper utilizes and extends in a purely algebraic setting a Rank Theo- 
rem for tactile maps as it has been established in |IIM94j : By local automorphisms 
of source and target, the tactile map can be linearized in the neighbourhood of a 
chosen power series (cf. Theorem II. 21 below). The assumptions of the Theorem in- 
volve a Rank Condition and an Order Condition, which both together are sufficient 
to yield local linearization. The Rank Condition is also necessary, as it is trivially 
satisfied by any linear map, and preserved by composition with automorphisms. 
The Order Condition, formulated in terms of standard bases of ideals, ensures that 
the higher order terms of / are suitably dominated by its linear terms. It turns out 
that the linearizing local automorphisms lie beyond the class of tactile maps. They 
are of a more general type, so called textile maps. These can be characterized by 
saying that the coefficients of the output series are polynomials in the coefficients 
of the input series. Actually it turns out that by allowing textile maps as auto- 
morphisms, the Rank Theorem can be extended to this more general class of maps 
between power series spaces (see Theorem II. 21 below). 

Our emphasis in this paper lies on the universality of the Rank Theorem. We shall 
show (see section 5) how six important results in singularity theory and differential 
geometry are direct corollaries or special cases of this theorem. Below, we shall 
briefly describe these applications. For the convergent case, similar reasoning can 
be applied, invoking the (analogous) Rank Theorem of Hauser-Miiller for conver- 
gent power series spaces [IIM94| . 

Dcnef and Looser use the following local triviality result as a main step to set up 
motivic integration in the context of singular varieties |DL99| (see also Lemma 
9.1 in [Loo02j ). Let X C be an affinc variety over a field k of characteristic 0. 
Assume X is given by /i, . . . , /p S k[xi, . . . , xn]. An arc (or more precisely a k-aic) 
of A" is a A:[[t]]-point of X, i.e., a solution to f i — ■■■= fp = in k[[t]]'^ . The set of 
arcs of X is denoted by Aqo- Similarly, an m-jet is a solution of these equations in 
[k[t]/ (f)™+^) . Write Xm for the set of m-jets of X. There is a natural projection 
T^m- A^oo — >■ A^m- Define Ae = Xoo \7r~^((SingA)e) as the space of arcs of A which 
do not lie in the singular locus up to order e. Moreover assume that A is of pure 
dimension d. Denef and Loeser then show that, for sufficiently large n g N, the 
map 

dn- 7I'„+l(Aoo) ->7r„(Aoo) 

is a piecewise trivial fibration over 7r„ (Ae) with fibre A^, |DL99| (2.5). Speciahzing 
to the case of a hypersurface this means the following: Let 7 be an n-jet of A 
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such that not aU partial derivatives vanish on 7 modulo {tY^^ . Then finding an 
(n + l)-jet rj oi X with 11 ^ j mod for 71 > e sufficiently large can be done 

by solving a linear system of rank 1. An extension of this result can be found in 



The triviality of the above fibration 9n is one of the key technical results of the 
paper |DL99j . Extending the result of Dencf and Loeser we show that trivialization 
can already be obtained on the level of arcs, i.e., the map 



is a piecewise affine bundle over 7r„(^e) (therefore all the 9n are simultaneously 
trivialized). The trivializing map will be textile and can be explicitly described 
(see section [STTjl . 

Grinberg, Kazhdan and Drinfeld show in jGKOOj (for fc = C) and |Dri02j (for 
arbitrary k) a similar factorization result: Let X be a scheme over k and 70 G 
Xrx) \ (SingX)oo- Then the formal neighbourhood Xoo[7o] of X^o in 70 is a product 
of the form Y[y] x D°° . Here Y[y] is the formal neighbourhood of a scheme of finite 
type over /c in a point y £ Y and D°° is the product of countably many formal 
schemes Spf k[[t]]. Section shows that this local factorization theorem follows 
from the Rank Theorem (for char/c = 0). 

Denef and Lipshitz in |DL84| and Winkel in jWinj study power series solutions in 
one variable x with coefficients in k, char A: = 0, of a system of algebraic differential 
equations. Here an algebraic differential equation in variables x and yi, . ■ ■ ,yn is 
a differential equation which is polynomial in x,yi, . . . ,yn and the derivatives of 
the j/i's. Algebraic differential operators in this sense naturally define a textile map 
^[N]" ~^ ^[[^]]"- Thus it might prove useful to study the techniques of this paper 
in the framework of algebraic differential equations. A first instance can be found in 
section [5T51 There systems of n explicit differential equations, that is systems of the 
form 2/^"^^ = P{x, y, y^^\ . . . , y^^"^-*), with a vector of polynomials P = (Pi, . . . , P„) 
and g € N, are considered. Solving such a system in fc[[x]]" for given initial condi- 
tions, i.e., the coefficients of the solutions are given up to order q — I, is equivalent 
to solving an equation of the form £{y) = b, where b € and ^ is a linear 

textile map. 

Tougeron's Implicit Function Theorem can be seen as a special case of the Rank 
Theorem. In fact, the proof of the theorem in |Tou68| is based on the following 
assertion: Let F G fc[[x,j/]], k a complete valued field of characteristic 0, and 
F{0) = 0. Denote hy 6 — {61, ... ,Sp) the Jacobian of F w.r.t. y = {yi, . . . ,yp) 
evaluated at {x,0), and for 1 < i < r set y^ = {y\, . . . ,1/^). Then there are Y^ G 
k[[x, y]]l <l <r,l < j < p\]P, 1 < j < r, such that 



|Reg06| . 




i=l \i=l / 

In section 15.41 this will be proven by linearization of the map 




r 



{y\...,f)^F{x,Y.5,y')-F{x,Q) 



i=l 



using the Rank Theorem. 



Wavrik's Approximation Theorem, a variation of Artin's Approximation Theorem, 
is based on Tougeron's Implicit Function Theorem, Thm. I„ in [Wav75| . and 
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[Art68] ■ Let fc be a complete valued field of characteristic and let F <S A:[[a;, y]] [z] 
be irreducible, x = (xi, . . . , a;„), y = (j/i, . . . , j/p) and z = {zi,...,Zr). Wavrik 
proves that for any integer q > there exists an N such that if {y, z) G fc[[a;]]^"'"'' 
satisfies F{x,y,z) = mod (x)^, then there exist series {z{x),y{x)) G k[[x]]P^^ 
with 

F{x,yix),zix))=0 

and 

{y{x),z{x)) = {y,z) mod (x)"^. 
A solution of = can be obtained as follows: Set yi{x) = X^asN- '^L^"' Zi{x) = 
X^aeN" ^L^" ^-iid substitute these expressions in F{x, y, z) for y respectively z. This 
gives for each power of x a polynomial equation in the aj^ , 6^ . The claim then is that 
if these equations can be solved up to a sufficiently high degree, then the remain- 
ing equations also have a solution. Indeed, it is shown in section 15.41 that solving 
the remaining equations is equivalent to solving a system of linear equations. In 
one single variable x, the equivalence follows directly from our Rank Theorem. In 
several variables, one can use Tougeron's Implicit Function Theorem. 

Lamel and Mir investigate the following question |LM07| : Let /: (C",0) -> C" be 
a germ of a holomorphic map of generic rank n, i.e., its Jacobian determinant is a 
nonzero power series. For germs u of biholomorphic maps (preserving the origin) 
we consider the map defined by u M- / o u. In local coordinates this map is given 
by substitution of power series, hence a tactile map. Here naturally the question 
for a left inverse to this map arises. Lamel and Mir prove that it is possible to find 
one if the derivative u'(0) is known, see |LM07] Theorem 2.4 and section [5^ for the 
precise statement. This result provides information on the biholomorphic solutions 
of the equation /(u) = h(x\ where 6 is a holomorphic germ. The formal version 
of this result is in fact a special instance of the Rank Theorem (for the convergent 
case, apply the same proof to the result in |HM94j ). 

It should by now have become clear that the proofs of all the above results are 
based on one common principle, linearization: The respective problems are ex- 
pressed through certain maps between spaces of power series, and the solution of 
the problem corresponds to locally linearizing the map at a given point. This pro- 
cess is governed by the Rank Theorem. Wc now describe its precise statement. 

Let A: be a field of characteristic 0. A cord is a sequence c = (cQ)QgN'> of con- 
stants Cfj in k. The local fc-algcbra of formal power series fc[[a;]] = fc[[a;i, . . . 
in n variables and coefficients in fc naturally identifies with the space C = Cn{k) of 
cords over k. The maximal ideal of k[[x]] of power series without constant term 
is denoted by m. We define ordc as the order of c as a power series. The space 
C comes equipped with the m-adic topology induced by the 0-neighborhoods m*^ 
of series of order > fc. Open sets in the m-adic topology will be referred to as 
m-open, though we will drop the "m" if the topology is clear out of context. In 
the case n = 1 we shall speak of arcs and write A for C, respectively k[[t]] for fc[[a;i]]. 

Elements of C are sequences of elements in fc indexed by a = {ai, ...,«„) G N". 
We will consider elements of a Cartesian product C^, p G N, as sequences in fc 
which are indexed by (a,Q;„+i) G N" x N with < an+i < p — I- A map 
/: C™ —5- CP;c n- {fa{c))aeN"+^ is called textile if for all a the component /q(c) is 
a polynomial in the coefficients of c. Let f/ be a subset of C™. A map / : J7 — >■ C is 
called textile if it is the restriction of a textile map C™ — ?> to U. Denote by fc[NJJ^] 
the polynomial ring fc[a;^; 1 < .? < ™, Q G N"]. The felt defined by a textile map 
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/: C" ^ CP is the closed subschema Spec a e of Spec A: [N™]. For 

most apphcations in section [5] the underlying set of fc-points {c G C™; /(c) = 0} is 
of primary interest. It is an "algebraic" subset of a countable Cartesian product of 
copies of fc, where the "equations" are infinitely many polynomials in a polynomial 
ring of countably many variables. Sometimes we will use the term "felt" also for 
Zariski-open subsets of some felt defined by a textile map. 

Any vector of formal power scries g G fc[[2/i, . ■ . induces a textile map /: m • 

C" via substitution /(c) = g{c). Such maps arc called tactile. Their zerosets 

in case n = 1 are called arc spaces. The tangent map of / at is given by the linear 
terms of g. 

Textile maps define by restriction morphisms between felts, thus allowing to speak 
of the category of felts. A felt X is smooth at a cord c if there is an m-adic neigh- 
bourhood ?7 of c in C™ such that X D U is isomorphic to an m-opcn subset of a 
felt defined by a linear textile map. Tangent spaces and maps can be defined in a 
natural way. 

Examples. 1. As a special case of tactiles, let X be an affine algebraic variety 
defined in A™ by polynomials /i, • . . , /p S k[xi, . . . , x^]. Then 

= {a e A"\ /i(a) = . . . = /p(a) = 0} 

is the classical arc space associated to X (see |Nas95j ) . The point a(0) lies in X; 
we say that the arc goes through or is centered at a(0). The image T:q{X) of X in 
{A/m''^^)™' under the canonical projection is the space of q-jets which can be lifted 
to arcs on X, whereas 

X, = {ae {A/m^+^r, fi{a) = ...EE fp{a) = mod m*+i} 

is the space of q- jets on X. 

2. Let / € k[xi, . . . ,Xm] and identify A with k[[t]] via a = (ai)igN ^ '^o-iV'- 
Consider the felt Z defined by /. For an integer d > 0, decompose a G ^™ into 
a = a + d, where a denotes the expansion of a up to degree d — 1 (its truncation) 
and d has order > d. Wc identify a as an element in iid-iiZ) (see example 1) and 
consider /(a + d) = as an equation in d, say g{a) = 0. Of course, g induces a 
tactile map G : m'' • A"^ A. One of the main aspects of this paper will be to show 
that for d sufficiently large, the map G can be linearized locally (w.r.t. the m-adic 
topology) in a well defined way (see Theorem 14. 2p . Intuitively, this will signify 
that the recursion equations resulting from /(a) = for the coefficients of a will 
become eventually as good as linear equations. In particular, if a is an approximate 
solution for some sufficiently high d, then the existence of the "remainder" d such 
that d -|- d is an exact solution is automatically ensured. Geometrically speaking, 
this says that the fibre over d under the truncation map 6 i— 6 is trivial. For a more 
general triviality result see Theorem 15.11 

3. Consider a polynomial recursion of order d indexed by the naturals: 

fli = /i(ai-i, • ■ • ,ai-d), i>d, 

with fi G fc[?/i, . . . , yd]. It induces a textile map 

F : A ^ A: a ^ (ao, • ■ • ,ad_i,ad - fd{a),ad+i - /d+i(a), . . .). 

Prescribing any initial conditions ao, . . . , Od-i gives rise to a unique solution (ai)igN 
of the recursion. As a variation, let the polynomial recursion be of infinite order 
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having now the form = /i(ai_i, . . . , oq) with polynomials fi G fc[?/i, . . . , y^]. 
Again we get a textile map F: A ^ A, given by a — > (a^ — /i(a))igN- 

The article splits into two parts. In sections 2 to 4 we build up the algebraic ap- 
paratus to study felts and textile maps; in section 5 we illustrate the impact of the 
theory by proving directly the before mentioned results on arc spaces, local analytic 
geometry and Cauchy-Riemann-manifolds. 

We start with a textile version of the Inverse Mapping Theorem. In contrast to the 
corresponding theorem in analysis, the result and its proof are mostly algebraic. 
The basic assumption is that the non-linear terms of the map increase the order 
of cords stronger than the linear terms do: Write f ~ £ + h with i the (invertible) 
tangent map of / at the cord c in question, and h the higher order terms. The hy- 
pothesis is then that the composition ih (with £ linear s.t. ££ = id) is contractive, 
i.e., increases the order of cords (see section [2]): 

The following theorem is a generalization of the inverse function theorem in |HM94j 
to the setting of textile maps. 

Theorem 1.1 (Inverse Function Theorem). Let U £ C™ be an m-adic neighbour- 
hood ofOandf-.UCC^^ C™ be textile with /(O) = 0. Assume that f = i + h, 
f{U) C W (neighbourhood of 0) , where £: U ^ W is linear, textile and invertible, 
i.e., there exists a linear map £: W ^ U with £ o £ = idw (ind £ o £ = idu- If £h is 
contractive on U , then f admits on U an inverse. 

The above result will be further generalized to a parametric version (see 14. 2p and a 
version for cords with coefficients in a ring with nilpotent elements (see section [3]) . 

Example. Consider /: m — given hy a t ■ a + . Here we set £{a) ~ t ■ a 
and £{a) = t~^ ■ a. For a £ m, £h{a) = t~^ ■ is not contractive (the order remains 
constant for a € m\Tn^), whereas it is contractive if we restrict to a G m^. It follows 
from the theorem that the restriction flm^: — 5- m'^ is locally invertible at 0. 

In finite dimensional analysis, the Rank Theorem is a trivial consequence of the 
Inverse Mapping Theorem. In the infinite dimensional context, say Banach spaces 
or locally convex spaces, and also in the present situation of cord spaces, this is 
no longer true. In many applications it is the Rank Theorem which is actually 
needed (despite the numerous important applications of theorems like the Nash- 
Moser Inverse Function Theorem, }Ham82p to show the manifold structure of fibres 
of smooth maps or to prove local triviality. 

A first step in this respect is the correct definition of the hypothesis of constant 
rank. We shall follow in this article the concept proposed by Hauser and Miiller 
in [HM] for analytic maps between convergent power series spaces. Working with 
formal instead of convergent series, the definition slightly simplifies, but is never- 
theless somewhat unhandy to grasp. It goes as follows: 

Let V be an m-adic neighbourhood of in C. A textile map 7: C C — > C" is 
called a curve (over V) in C"\ If im(7) C J7 C C™ we say that 7 defines a curve 
in U. Let f:UC C™ be a textile map and let J be a closed linear direct 

complement in of the image i'ni{Tagf) of the tangent map of / at a cord qq. Then 
/ has constant rank at oq with respect to J if for all curves 7 in C/ with 7(0) = uq 
and all curves 77 in there exist unique curves p in C™ and r in J such that 
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If / is tactile, say induced by a polynomial g g . . . , j/m], then T-^f ■ p is given 
by 

aig(7).pi + ... + 9™.9(7).p™. 
Here, dig is the i-th partial derivative of g. 

In the applications the occurring textile map / is often quasi-submersive, i.e., if 
f =: £ + h with £ = Tagf, then mi{h) C im(£). If £ is surjective, / is a submersion. 

Let £ : C"' be textile linear; a textile linear map a: ^ C"' satisfying £a£ = £ 

is called a scission of £. Note that a scission provides a left inverse on the image of 
£ and the kernel of £a defines a closed direct complement of this image. We shall 
construct scissions for the case of tactile maps using the Grauert-Hironaka-Galligo 
Division Theorem for formal power series (see section [XT]) . After that we give the 
construction for arbitrary textile linear maps. This will be achieved by a suitable 
generalization of the Gauss Algorithm to this context. 

Here is the extension of the Rank Theorem in |HM94j which is needed to prove the 
results in section [SJ 

Theorem 1.2 (Rank Theorem). Let f:UC C™ C' be a textile map on a 
neighbourhood J7 = m' • C™ of with /(O) = 0. Write f in the form f = £ + h with 
£ = To/ the tangent map of f at 0. Assume that £ admits a scission a: C ^ C™ 
for which ah is contractive on U , and that f has constant rank at with respect to 
ker(£a). Then there exist locally invertible textile maps u: U ^ C™ and v: f{U) — > 
C at such that 

V o f o u^^ = £. 

This theorem will be extended in sections 14.21 and 14.31 to the relative case with pa- 
rameters and a version for cords with coefficients in a ring with nilpotent elements. 
In the case of quasi-submersions the order condition gives a sufficient criterion for 
linearization (see section HTTl and sections [5.2l and [5^ for applications). We continue 
with our list of examples: 

Examples. 5. Consider the tactile map induced by an element / £ k[xi, . . . ,Xm]- 
Let a be an arc of X with a(0) a smooth point oi X = V{f) C A™. Using the 
classical Implicit Function Theorem for power series or Theorem [TT^] it's easy to see 
that a is a smooth cord of Xoo. In section [5TT] we treat the more interesting case 
when a is an arc through a point in the singular locus Sing(X), but does not lie 
entirely in it, i.e., a(0) € Sing(X) but a ^ Sing(X)oo. 

6. Consider example 2 above in the special case f = x + xy € k[x, y]. The induced 
textile map F: m- A;a ^ f{a) has constant rank at with respect to the 
complement of (<) • A. The composition ah is contractive, where h{a^,a'^) = a^a^ 
and cr is a scission for the linear map £: (a^,a^) i— >■ a^. Thus the Rank Theorem 
applies and F can be linearized at 0. The linearizing maps u, v of the Rank Theorem 
are given by v = id and u{a) = (a^(l + a^), a^). Indeed, this u would be the natural 
candidate for linearization when viewing / in the form / = x{l + y). Note: It is 
due to the very simple form of the linear part of / that we can write down u and 
V so explicitly. Taking f = tx + xy G k[[t]][x,y] it is still possible to linearize the 
induced map on m^, but it is not possible to give closed formulae for u,v. The 
reason for this lies in the fact that the scission one has to construct is a textile map 
which is not tactile! 

7. In several variables it is in general difficult to prove that a textile map has 
constant rank. The following example gives a simple tactile map which does not 
have constant rank. By necessity of the rank condition this map is not locally 
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linearizable: Let F = ~ ^ k[x, y\. Set -q = X1X2 + . . . + {xiX2y, I G N, and try 
to lift the exact solution (77,77) G fc[[a;i, 0:2]]^ of F{x,y) = 0. Consider the tactile 
map 

g: (xi,a;2)'+^ ■ fc[[a:;i, a;2]]^ k[[xi,X2]]; gix,y) = F{ri + x^rj + y). 

To check whether g has constant rank we have to lift any relation (a, b) between 
dig{0) = T] and (?2g(0) = —77 to a relation {A,B) between dig{'j) and d2g{'j) for 
any 7 = (71, 72) G k[[s, xi, X2]] of sufficiently high order (in the Xi) such that 7 = 
mod (s) and A = a mod (s), B = b mod (s). Specify (a, 6) = (1,1); a short 
computation shows that then one has to find A',B' G (s) C A:[[s, xi, ^2]] such that 

(77 + 71)^' - (77 + 72)5' =72-71. 

But this will be impossible (independently of the order of 7) if supp(7i)nsupp(a;ia;2) = 
0. Therefore g does not have constant rank at 0. Note that the situation does not 
improve by providing an approximative solution of higher degree, since the above 
calculation is valid for arbitrary I S N. However, considering 17 as a tactile map on 
it fulfills the rank condition on some m-adic neighbourhood of 0. 

Remark. Theorem 11.11 and 11.21 mav also be used to linearize linear maps, i.e., to 
reduce a linear textile map to its dominating linear part. This is for example the 
case when restricting the result of Theorem [53] to linear differential equations. The 
linear textile map 

/: ^fc[[t]];a^a+^(a), 

induced by the ordinary differential equation x' + x = 0, is "linearized" to f{a) = 
d/dt{a). 

Remark. The above presented technique of linearization may also be applied in the 
situation of cords over a field of positive characteristics (or more general over a ring 
as in section [5T2|) . One has to treat carefully, though, since for example the intuitive 
characterization of contractiveness as in Lemma 12.11 is then not valid anymore. 

The authors are indebted to an anonymous referee for pointing out ambiguities in 
an earlier version of the manuscript, and for encouraging to prove the Grinberg- 
Kazhdan-Drinfeld formal arc theorem by their methods. They wish to express their 
gratitude to T. Beck, S. Ishii, B. Lamel, F. Looser and J. Schicho for stimulating 
conversations. 



2. Felts and textile maps 

In this section we will distinguish subsets of C™, which are given as the vanishing 
set of textile maps. For these maps we will provide an inverse mapping theorem 
and the notion of tangent maps. 

2.1. Textile Maps. Let fe be a field of characteristic 0. A cord is a sequence 
c = ica)aeN^ of constants Ca in k. Sometimes we will speak more precisely of an 
n-cord over k. The entry Cq is the coefficient of c at index a or a-coefficient of 
c. The space C = C„ = C(fc) of cords over k naturally identifies with the local 
fc-algebra of formal power series fc[[xi, . . . in n variables and coefficients in k. 
The maximal ideal of k[[x]] of power series without constant term is denoted by m. 
Substitution of the variables by power series in m provides an additional algebraic 
structure on C. We define ordc as the order of c as a power series. The space C 
comes equipped with the tn-adic topology induced by the 0-neighborhoods m' of 
series of order > I. Vectors of cords c = (c^, . . . , c™) G C™ will be encoded in the 
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following way: For the coefficients c^, a G N", i = 1, . . . , m, we write C(^a:,i-i) and 
understand these coefficients as a family indexed by N""''^. Thus a vector of n-cords 
c S C™ corresponds to an [n + l)-cord (c^)/3gN"+i where C/g = for /3„+i > m and 
c/3 = for /3„+i i - 1, /3 = (/3i, . . .,/?„). 

A textile map /: C™ — > C^, m,j? G N, maps cords c = (cQ)Qgfsi»i+i G C™ to cords 
with coefficients consisting of polynomials in the Cq . If the coefficient polynomials 
are linear, such mappings are called linear. Precisely speaking: / is a textile map 
if the image of c G C™ is of the form 

/(c) {faic))aeN"+^ 

with fa G k[cfi,l3 G N"+^]. The is referred to as the a-component of /. Note: 
Although the definition of textile maps involves infinitely many variables, in many 
interesting examples they are given by finite data. Sec the examples in the intro- 
duction. Let [/ be a subset of C™. A map /: J7 — > is called textile if it is the 
restriction of a textile map C™ — > to U . Denote by fc[N™] the polynomial ring 
I < j < m,a & N"]. The felt defined by a textile map /: C^' is the 

closed subscheme Spec A; [N™] G N"+^) of Specfc[N™]. For most apphcations 
in section[S]the underlying set of /c-points {c G C"; /(c) = 0} is of primary interest. 
It is an "algebraic" subset of a countable Cartesian product of copies of k, where 
the "equations" are infinitely many polynomials in a polynomial ring of countably 
many variables. Sometimes we will use the term "felt" also for Zariski-open subsets 
of some felt defined by a textile map. 

Let Y C C™ be a felt. A map / : F — > fc is called regular at p ^ Y it there are a 
Zariski-open neighbourhood U oi p and polynomials g,h with h non-zero 

on U such that 



on U. If / is regular at all points of Y we call it regular (on Y). Wc write Oy for 
the fc-algebra of regular functions on Y. A textile map / : 1" — > C is called regular 
if its components fa are regular functions on y,i.e., fa G Oy for all a G N". 

The sum of textile maps f,g: y — > C is defined naturally by coefficientwise addition. 
Moreover we introduce the product of these textile maps by Cauchy-multiplication: 

/ - 5 — ( f''9t^)a- 

The composition of textile maps / : C™ — > and g: C —> C" is defined as follows: 

fa S k[xi3;(3 G Ba], then 

(/o.9)a(c) := /a(3(c)) = /a(5/3(c);/3 G Ba) 

for c G C In each coefficient one has a substitution of polynomials. Call / (right) 
invertible, if there exists a textile map g such that f o g = id. 

Any vector of formal power series g G . . . , induces a textile map /: tn • 

C" — > via substitution /(c) — g{c). Such maps are called tactile. The felts 
defined by tactile maps in the case n = 1 are called arc spaces. Note that the 
composition of tactile maps is the same as the tactile map defined by substitution 
of the corresponding power series. 
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Sometimes it will be convenient to represent textile linear maps by N^-matrices, i.e., 
elements in : Let £: ^ — !> ^ be given by £i{a) = J^'^o^v'^j- Then we identify 
£ with the N^-matrix £ := In analogy to linear algebra the composition 

of two textile linear maps £^ , £^ corresponds to the product of the matrices 

oo 

Note that the last sum is well-defined, since £1^ = 0, j G {1,2}, except for a finite 
number of / G N. 

Let L: M"q — > R>o be a positive linear form. Moreover, let < be a monomial 
ordering on k[[xi, . . . , Xn]] induced by L, e.g., x'^ < ii L ■ a < L ■ 13 or L ■ a = 
L ■ j3 and a < (3 lexicographically. Embed k[[xi, . . . ,a;„]]™ in k[[xi, . . . ,a;„+i]] by 
• Ci 1— 7- x^"'*^^-*. For j3 £ define L ■ P as L ■ (3. Then we get an ordering on 

k[[xi, . . . ,Xn+i]] by < x*^ if: {i) L ■ a < L ■ (3 or (ii) L ■ a = L ■ (3 and a < (3 
lexicographically. This ordering defines a module ordering on fc[[xi, . . . ,x„]]™ and 
thus on C". Given a module ordering induced by L as above and an element 
h G fc[[x]]'" the order of b with respect to L is defined as 

ordi b = min{L ■ a]ba ^ 0}. 
Analogously we define the order of a textile map f : C™ — > with respect to L as 

ordi / = min {L ■ a; fa ^ 0}. 

Usually, if L has been specified, we simply write ord b respectively ord /. If no linear 
form has been defined, we will assume L to be i : (oi, . . . , a„) i— )■ 1 • oi + . . . + 1 • a„ 
(as in the beginning of this section) . The ideals of textile maps / : C™ C of order 
greater equal /, Z e N, define a natural topology on the ring of textile maps C™ —> C. 
For obvious reasons we will denote them by m'. It should be clear from context 
what is meant by m', an ideal of power series or an ideal of textile maps. 

Consider a textile map h: U C C™ — > C^, U an m-adic neighbourhood of 0. 
Without loss of generality one may assume h{0) ~ 0. For F £ iy(Z") the textile 
map h is called T -shifting on U if 

(1) ord ih{a) - h{b)) > ord (a - 6) + F for all a,beU. 

Lemma 2.1. A textile map h: U ^ C™ C is T-shifting on U if and only if for all 
a G N" the coefficient ha{c) is a polynomial in those c^ for which L ■ v < L ■ a — T . 

For f ^ on U the degree of contraction of f on U (with respect to L), denoted 
by «(/), is defined as the maximal F such that (HJ is fulfilled. If / = on U, then 
we set = oo. We also say / is contractive of degree T (on U with respect to 
L ). In case F > the map h is simply called contractive. By the Lemma above it 
is easy to see that the contraction degree is well-defined. Let /, g be textile maps 
of contraction degree F resp. 8 on their domains of definition U respectively V. 
Then k(/ + g) > min{F, 8} on t/ n V. Next assume that the composition f o g is 
well-defined and that K{f\g(v)) = T- Then k(/ o g) = T + Q on V . 

It turns out that tactile maps have nice contraction properties. This can be seen 
in the following example: 
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Example. Consider the "monomial" map f:UQ C™ C; c i-^ c" , a e N™, with 
U = X • • ■ X m^™. Denote by Pmin the minimum of the pi's. It is immediate 

that = J^iLl (^iPi -Pmin- 

This example shows that one has some control over the degree of contraction of 
tactiles. By shrinking the domain of definition U the contraction degree increases! 

The notion of contractivity will be used in the following more general context (see 
section [5T^ . Let A be a local, commutative and unital A:- algebra with nilpotent 
maximal ideal n, i.e., there exists an integer iV S N such that = 0. The set of 
cords with coefficients in A will be denoted by Ca ■ For a G A set 



pow(a) 



max{i; a G n*} a ^ 
N a = 



where = A. For an element c e C™ we define the refined order of a as the pair 
ORd(c) = (ord(c),pow(cordc)) G N^, 

where is considered with the lexicographic ordering. If (ci)igN is a family of 
cords in with increasing sequence of modified orders (ORD(ci))i, then the family 
is summable. A map h: U Q — >■ C^, C/ an m-adic neighbourhood of 0, is called 
contractive if for all cords a and b in U 

ORD{h{a) - h{b)) > ORD(a - b) 

holds. If A = k the only nilpotent ideal in A is the zero-ideal and both notions of 
contractivity coincide. 

Remark. For other applications it might be reasonable to interchange the order of 
ord and pow in the definition of the modified order. 

Theorem 2.2 (Inverse Mapping Theorem). Let U G C™ be an m-adic neighbour- 
hood ofOandf-.UCC^^ be textile with /(O) = 0. Assume that f = i + h, 
f(U) C W (neighbourhood of 0), where £: U ^ W is textile, linear and invertible, 
i.e., there exists a linear map £: W U with £ o £ = idiy and £ o £ = idu . If £h 
is contractive on U, then f admits on U an inverse, i.e., there is a textile map 
g: f{U) -> U with / 05 = id/(c/) and go f ^ idu. 

Proof. First simplify to the case / = id + ft. with h contractive on U by considering 
£/ = id + £h. Then recursively define a sequence (gj) of textile maps U — > C™ 
by <7o = and gj+i = id — ho gj for j > 1. The sequence {gj)j converges pointwise 
on U. Indeed, gj+i can be written as 



9j+i = 90 



i=l 



with Dj = gj — gj-i. For any a Cz U the family {Dj{a))j^j^ is summable: For j > 2 
we can write Dj as 

Dj = ho gj_2 - ho gj^i, 

and thus by contractivity of h 

ORB Dj{a) > ORD Dj^i{a) 

for any a E U. Therefore, g = linigj is a well-defined textile map U — > It 
remains to show that g is a (right-) inverse for /. But for any j G N 

/ o g - id = (5 - gj) + {ho g - ho g^) + {h o gj - ho gj-i), 
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and each of the three summands on the right hand side tends to for j ^ oo. 
Therefore, g is a right-inverse for /. 

It's not hard to sec that g is in fact also a left-inverse for /. It suffices to show that 

(ORD(5„(/(a)) -a))„^gj^ 

is an increasing sequence (for all a Cz U) which follows immediately from contrac- 
tivcness oi h. □ 

Remarks, (a) Note that there are textile invertible maps which are not of the special 
form demanded in the theorem. An example would be 

/: A^A;{a.i).i ^ (ao + a^, ai, a2 + 03, 03, -f . . .). 

Nevertheless this textile map may be transformed into a form which allows the use 
of Theorem O 

(b) Theorem 12.21 implies as a special case the classical Inverse Mapping Theorem 
for formal power series: Let / = (/i,...,/„) G . . . , x„]]" with /(O) = 0. 

Denote by df its Jacobian matrix {dfi/dxj)^y If det9/(0) 7^ then there exist 
31, . . . ,g„ em- k[[xi, . . . ,x„]] with 

f{9l{x), ■ ■ ■,9n{x)) = {Xl, . . .,Xn)- 

Lemma 2.3. Assume that h: U C™ Ca, U an m-adic neighbourhood 0/ 0, is 
textile with h{0) = 0. Moreover, let its a-coejjicient ha be of the form h^ = h'^ + '^q 
with h'a € A[xf] 1 < J < TO,0 < Z < e] and h'^ G n[.T^, 1 < j < m,], where e = \a\. 
Then h is contractive. 

Proof. For simplicity of notation we restrict to the case h : A'X — > Aa- Let a,b £ U 
with ord(a — b) = i. Write a ~ b + C, ior some C ^ U, Q ^ Q. By assumption on h 
we have hj(a) — hj{b) = for < j < i — 1. Using Taylor expansion we see for the 
i-th coefficient 

(2) h,{b + C) " h,{b) = dh'^ib) ■ Q + d^h'lib) •(? + ■•• 

where d'^h'^{b) abbreviates all order I terms in the Taylor expansion. By assump- 
tion on h all partial derivatives in ([2]) lie in n, thus 

pow(/ij(a) - h,{b)) > pow(Ci) + 1 > pow((a - 6)^), 

so h is contractive. □ 

Denote by C{q) the set of q- cords, that is 

C{q) = {{ca)am- £ fc"(9+l); \a\<q + l} = C mod m'+l. 

Analogously we introduce C"^{q), and especially if X is the felt defined by a textile 
map / : C™ — C the set of q-cords of X 

X{q) = {(c„)«eN"+i e (fc^^^+i))™; \a\<q+ I, f{c) = mod 

Clearly, X{q) has a natural structure as a subscheme of A"'^'^+^''". The canonical 
projections X — >• X{q), resp. X{q) X{p) for q > p, induced by truncation of 
cords, resp. g-cords, will be denoted by TTg, resp. tt^. We will identify C{q) with 
those cords c G C such that Ca — for all a G N" with \a\ > q. Then a textile map 
/: C™ — >■ C induces a map fq : C{q)"^ — >■ C{qY with components {fq)a- It's easy to 
see that if / is 0-shifting, then / is compatible with the truncation maps tTq in the 
sense that the following diagram is commutative: 
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Let /: C™ — > C be a textile map. The felt X = /~^(0) is called smooth at a cord 
c € X ii there is an m-open neighbourhood U oi c such that X CiU is isomorphic to 
the kernel of a linear textile map. Smoothness of a (fc-)point in classical algebraic 
geometry can be embedded into the theory of felts in the following way: Let X 
be a subvariety of given by the ideal (/i, . . . , /p) C k[xi,. . . , a;„]. Consider the 
tactile map 



Fx: A" ^AP;a^{h{a),...Jp{a)). 
The fc-points of X, i.e., elements b = G fc" with fi{b) = for all i, 

correspond to arcs a = (a^, . . . , a") G Xoo with a* = (&', 0, . . .). Using the classical 
Implicit Function Theorem or the Rank Theorem from section 2] it is obvious that 
Xoo is smooth at a if 6 is a smooth point of X. With the same methods one shows 
that all arcs a € Xoo with a(0) a smooth point of X are smooth cords of Xoo- 

2.2. Differential calculus of textile maps. This section provides the basic def- 
initions for the differential apparatus in the context of textile maps. Consider a 
textile map /: C™ — C; c H> (/q(c))q,. For i/ £ N""*"^ the partial derivative of f with 
respect to v is defined by coefficientwise differentiation: 



a./(c) := 



Obviously dy is a fc-derivation on C. We write df{a) for the vector (9,y/(a))^gfjTi+i . 
The directional derivative of f in a £ C™ in direction of v G C™ , is given by 

Taf-v:^ i{f(a + sv)-f{a)) 

Using the notation (9/)(a) uv -.^ X]i/eN"+i 9yf{a)vy this yields for a textile map /: 

Ta/-i' = (a/)(a).z;. 

In the case of tactile maps the directional derivative can be calculated as usually. 
Let F : C™ — > C be given by c /(c), with / g k[xi, . . . , a;,„], then 

TaF-v = dif{a) ■VI + --- + dmfia) ■ w,„. 

It's easy to see that each / has a Taylor expansion around a given by 

fiy)= E ^(5./)(a)(y-ar. 

Consider textile maps / : C™ — > C and g : ^ C™ with well-defined composition 
fog. The chain-rule for partial derivatives is given by: di, (/ o g) (a) — df{g{a)) • 
dyg{a). More generally one deduces the following properties of the derivative: 

Proposition 2.4. With the above assumptions the following holds: 

1. d{fog){a)^{df{g{a)).dyg{a))y 

2. Let (p be a textile linear map, then 

Ta[<Pof)-V = cj>{Taf-v). 
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3. Let (j) he of the form = id + 5, and fog well- defined, then 

Ta{fo<f>).v = df{cl>{a)).v + df{cl,{a)).{dg{a).v) 

= T^{a)f -V + T^a)f ■ {Tag{a) -V) . 

Proof. For the easy calculations see |Bru05| . □ 



3. Scissions of linear maps 

We recall the notion of scissions of linear maps (cf. |HM94| . p. 99). In Theorem l2.2l 
the inverse of a map is constructed using the inverse of its tangent map. For the 
proof of the Rank Theorem (see section 21) a similar construction is needed. There 
the linearizing automorphisms rely on inverting the tangent map on its image (and 
going back to a direct complement of its kernel) . 

Let £ : V ^ W he a linear map of fc-vector spaces V and W. A scission of £ is a 
linear map a : W V with ^cr£ = £. Scissions provide projections TTkcr := id — erf 
onto ker(£) and TTim := Ha onto im(f). Thus, a induces direct sum decompositions 

V = kei{£) © im(crf) and W = im{£) © ker(£(T). 

On the other hand each direct sum decomposition of the form 

y = ker(£)©L, = im(£) © J 

induces a scission cr of by 

a {e\Ly^ o TT, 

where tt is the projection from W onto im(£) with kernel J. In the following sec- 
tions we will explicitly construct scissions for textile linear maps. This is necessary 
to obtain precise information on the degree of contraction of the scission used to 
linearize a map of constant rank. For the case of fc[[.T]] -linear maps i, the degree of 
contraction will be given by the maximal order of a standard basis of the module 
im(f). 

3.1. Scissions of fc[[.T]]-linear maps. We start with a short reminder on standard 
bases. Most of the notation has already been introduced in section [^?T] Write a;"'-' , 
a 6 N", j G {1, . . . , m}, for the vector (0, . . . , x", 0, . . . , 0)^ in fc[[a;]]™, where 
is at the j-th component. For a G N" we use the usual multiindex notation, i.e., 
2C — X ... X^ Thus, each element a G fc[[x]]™ can be uniquely written as 

Gi — ^^^^^ ^-^cy J *^ * 

Fix a monomial order < on N". We assume that it is induced by a positive linear 
form L on K"q. Extend this order to a module ordering on again denoted 

by "<". The support of an element a G fc[[a;]]™ is defined as 

supp(a) := {(a,j) G N"+^a„.j ^ 0}. 

By in(a) we denote the initial monomial vector x"'-* of a, i.e., (a,j) = min< supp(a). 
An element a G fc[[x]]™ is called L-monic or just monic, if the coefficient of in(a) is 
1. Let M be a submodule of fc[[x]]^. Then in(Af) denotes the initial module of M: 
in(A/) ;= (in(a); a G M). A subset T = {/i, ...,/;} of M is called a standard basis 
of M (w.r.t. <) if 

in((/i,...,/,)) = (in(/i),...,in(/0). 
Consider a fc[[x]]-linear map £ : fc[[x]]"' — !• fc[[x]]P;a = (a-^,...,a™) J2™^ifi^^- 
Assume that /i,...,/^ form a standard basis for im(£). Choose a partition of 
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S = supp(in(im(^))) C N" x {!,..., p} by disjoint sets 51,..., 5*^, such that 
Si C supp(A:[[x]] • in(/i)). For a subset A of N" x {1, . . . ,p} we wiU consider the pro- 
jection pi{A) onto the first factor pi{A) := {a G N"; 3j G {1, . . . ,p} : {a,j) G A}. 
Moreover, set 

A(^) := {b G fc[[a;]]J';supp(6) nsupp(in(im(^))) = 0} 

and 

y{e):={aek[[x]r;suMaJ,)CS,, for ah ^}. 
With i° : fc[[a;]]" ^ fc[[a;]]P; a in(/Oa* this means 

fc[[a;]]™ = ker(^°) © V(^) and k[[x]]P = im{e°) © A(^). 

As the next theorem shows even more is true: This decomposition stiU holds with 
replaced by £. 

Theorem 3.1. Let /i,...,/m S ^[[2;]]^ be a monic standard basis. Denote in(/i) 
by . Let S = ^"LiSi be a partition of the support of the initial module gener- 

ated by /i, . . . , /,„. Then for all f G fc[[a;]]^ there exist unique quotients gj G fc[[a;]], 
1 < j < m, and a unique remainder h G fc[[a;]]^ such that 

1- f = 9i/i + ... + gmfrn + h with supp((7,;) C pi{Si) — a* and supp(/i) C 

N" X {i,:..,p}\s. 

2. The linear map £ : — !> fc[[.x]]^; a = (a^, . . . , a™) /io' induces a direct 

sum decomposition 

fc[[a;]]" = ker(^) © V{£) and k[[x]]P = ini(£) © A{£). 

For a proof of this theorem we refer to jGra72| . |Hir77| . |Gal74| . |Gal79! . jSch80| or 
|HM94j . Using the notation of the theorem, a scission a oi £ can be constructed as 
follows: Denote by Djr the map 

i^^:im(£)->V(£);/^(gi,...,5™). 
A projection onto the image of £ is given by 

TT : k[[x]]P im(£);/ f - h. 
Then a := Z?jr o tt is a scission of £. 

If doesn't form a standard basis, we may choose a (monic) standard basis T = 
{Fi, . . . , Fi}, inducing a fc[[a;]] -linear map p : fc[[a;]]' -> fc[[.T]]™ with 

p,{a)=J2l3y 

where i^^ = Y.j Pjfj- Thus £ o p ^ £^ where i : ^[[x]]' fc[[a;]]P; a = (a\ . . . , a') ^ 
Fid^ . By the preceding remarks r := Z3_p o tTj^^^^-^ is a scission of ^ and thus 

(3) a := /3T7rit„(£) 

is a scission of £. We will refer to this scission of £ as the scission of £ corresponding 
to the standard basis J- . 

Proposition 3.2. Let £ be a A:[[x]]-Zmear map. Then the scission a of £ corre- 
sponding to a .standard basis J- of im(£) has degree of contraction ^(fT) bounded 
by 

fi{<^) > — max{ord(/)}. 
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Proof. Consider a linear map £ : k[[x]]™ — > A:[[2;]]P;a i— ?► fi'^^ with J' = 

{/i, . . . , /,„} forming a standard basis of im(^). Define a as the scission Djr o tt 
of £ corresponding to Further, set for 1 < i < m 

Ai = {ae fc[[.T]];supp(a) C pi(S',;) - a'} 

and 

A {a e fc[[x]]^';supp(a) C N" x {1, . . . ,p} \ S*}. 
The division map Djr is given by (see jSch80| ) 

oo 

Here, $i and $2 are defined as 

$1 : (©^lA,) © A ^ k[[x]]P; (51, ...,g^,h)^ g^x'^"'^' +...+ .g^x""^^" 

and 

$2 : (©" lAi) © A ^ k[[xW; {91, ■ . . ,5™, h) giu^ + ... + g^vP , 

with given by t = —it'. After a change of the hnear form L (see |Sch80j ) we 
may assume that ordx"''^' < ordu*. Thus, k(($2 o ^i^)^) > 0: operates on a 
power series a G by singhng out the a;"''-''. Hence, supp($^^(a))i npi(S'i) C 

Pi{Si) — a', i = 1, . . . , m. The maximal shift is given by the maximal order of the 
standard basis J-. The second map $2 multiplies each component of $j"^(a) by a 
u*, which has higher order than x" - the order of a has increased after applying 
$2 o ^i^, which means positive contraction degree! By section [2?11 

K{Djr) > mm{K{<i>-^ o ($2 o ^^^f)}. 

So K{Df.) = k{^i^) = — max/gjr{ord /}. If T is not a standard basis, a scission a 
is constructed as in equation ([3]). Then k((t) > k{p) + k{t) > k{t). For t the claim 
was just proven. □ 

We finish this section with a special -linear mapping: 

Construction 1. Let £ : k[[x]]^ be given by a matrix A G with 

det A k[[x]]. In this case it is sufficient to use the Weierstrass division theorem 
instead of Theorem 13.11 A scission a for (. will be defined by multiplication with 
j^adj ^ adjoint matrix of A, and then taking the quotient by Weierstrass division. 
For the last step, recall the Weierstrass division theorem: Let h G fc[[a;]], then there 
exists a linear change of coordinates ip so that hep is x„-regular of order ord h. The 
theorem asserts that for any g £ k[[x]] there exist unique power series B, R £ k[[x]] 
such that 

hip} ^ B ■ g + R, 

with deg^ R < ord/i. The series Bip^^ is called the quotient of /i by 5 using 
Weierstrass division, and will henceforth be denoted by Q{h;(p,g). Note that Q is 
textile. 

Let y = (2/1, ... , y,i)^ be defined by y = A"-'^^ -z for given z = (zi, . . . , z„)^ e fc[[a;]]". 
In addition assume that ipi arc linear coordinate changes such that ijiipi is x„-regular 
of order ordy^. Then we define 



(t(z) = ((5(j/i,i^i,det A), . . . ,(3(y„,v3„,det A)). 
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Proposition 3.3. The map a as defined above is textile and a scission for I. 
Moreover, its degree of contraction is 

K{a) > -OTcldct A + k{A'"^^ ■ (-)). 

Proof. That a is textile follows from a proof of the Weierstrass Division theorem. 
An easy calculation shows that it is indeed a scission and the contraction degree 
follows from the results in section [21 □ 

Note that the last construction differs from the one obtained earlier by means of 
standard basis. It's advantage lies in the relative easy computation of its degree of 
contraction - no estimates on the order of a standard basis of its column module 
are necessary! 

3.2. Scissions of arbitrary linear textile maps. For simplicity of notation we 
restrict our considerations in this section to textile linear maps on A. All results 
have generalizations to the multivariate case. An arc a G ,4 is a vector of infinite 
(countable) length. In 12.11 textile linear maps A—> A were identified with matrices 
of countable many rows and columns, called N^-matrices. By definition of textile 
maps, each row contains just finitely many nonzero entries. We say a matrix S is 
a scission of a matrix A, if ASA — A holds. First consider the case of linear maps 
between finite dimensional fc-vectorspaces. There, linear algebra provides a simple 
way of constructing scissions: For example let ^ : fc"^ — !■ fc^ be the fc-linear map 
given by the matrix 

'ill 
1 1 1 

According to the Gauss Algorithm there are matrices P € Gl2(A;) and Q £ Gl3(A;) 
such that A is equivalent to 

■ 1 




A 



A 



i.e., PAQ = A. P operates on A by elementary row operations, Q by elementary 
column operations. A scission of A is given by the matrix 

1 
S~\ 


Indeed; ASA = A. Thus, the matrix S := QSP is a scission of £. The same 
reasoning applies for textile linear maps £ : A ^ A. Two textile linear maps 
£i, £2 '■ A —> A are called equivalent if there exist linear automorphisms P, Q of ^ 
such that 

P£iQ = £2- 

Let ^ : v4 — !■ ^ be a textile linear map. We represent £ by an N^-matrix {£ij)^j 
denoted by £. Since the maps are textile for all i G N there exists an TV^ G N such 
that £ij = for j > Ni. The submatrix of £ obtained by fixing the first index 
i G N is called the i-th row of £. Analogously, the j-th column of £ is defined as the 
submatrix where the second index is fixed to j. The N^-matrix £ is said to be in 
canonical form if all rows and columns contain at most one nonzero entry. Denote 
by £^ the matrix {Sikdij)ki with dki the Kronecker symbol. 

Let (s;)igN be a sequence of N^-matrices. An N^-matrix s is the limit of (s;)/ if s 
is the limit of (s;); as textile linear maps (see section [^T|) . This means that for all 
G N there exists an Nq such that for all / > Nq the j-th row of (s — s/) is zero 
for < j < A. In analogy to the notation for power series, we write for the last 
condition ord(s — S;) > N. 



18 



CLEMENS BRUSCHEK AND HERWIG HAUSER, 



Theorem 3.4. Every textile linear map £ : A ^ A is equivalent to a textile linear 
map in canonical form. The transformation maps P, Q and the canonical form £ 
are obtained by the algorithm described below. 



Algorithm. 

(i) i := 0, £ := £, £ := id, Q := id; 

(ii) Set Ni := max{j;£y ^ 0}, w.l.o.g. the pivot element £iN. equals 1; 

(iii) Eliminate the {l,Ni) entries of for Z > i by applying 



1=1 



from the left; 

(iv) Eliminate the (i, k) entries of £ for fc < Ni by applying 

Ni-l 

from the right; 

(v) Set P:= Pi o P, Q := Q oQ,, £:^ Po£oQ and i = i + l. Return to (ii). 



Remark. Note that the constructed N^-matriccs P (rcsp. Q^) are lower diagonal 
N^-matrices. Hence the corresponding linear maps P (resp. Q) are invertible. 

Example. Consider the difference operator A = s"^ + hd~is'^^^ + . . . + /iq G fc[s], 
s o (ao, fli, . . .) = (oi, • • • , 02, • • Oi with induced map £ : A ^ A, 

a £{a) = (/loflo H h /id-ifld-i + a<j, /looi H \- hd-iOd + Od+i, . . ■), 

for a G ^. The algorithm yields as the canonical form of £ 

a ^ £{a) = (od, ad+i,ad+2, ■ ■ ■ ,ad+i, ■ ■ •)• 

This implies the well known fact that the set of solutions to the equation A o a = 6 
is isomorphic to fc''. 



Proof. The finite composition P_j°- ■ ■°P.q is denoted by P^ and analogously := 
Q^o ■ ■ ■ o Q y The sequence (P-')jgN converges to an N^-matrix P_. since 

ord(P, - id) > j. 

Thus, ord(P^+^ - Z^') > j + 1- All Pj are lower diagonal, hence, the same is true 
for P_. For {Q-')j it is sufficient to show that for alH G N there exists an ni such 
that for all m^n > ni 

ord(g'" - Q") > /. 

Fix an Z G N and define n; as a natural number such that all j < I appear as the 
column clement of a pivot element £rj ,r < ui. This gives convergence of (Q-* ) j . 
The algorithm obviously transforms £ into its canonical form. □ 



ARCS, CORDS AND FELTS 



19 



Construction 2. A scission ct of a fc-linear map £ : A ^ A can be constructed as 
follows: First one reduces to the case of linear maps in canonical form. Assume a 
scission cr^ is constructed for the canonical form £ of £. A scission of £ is obtained 
by ae := Qa-^P, where P, Q are automorphisms of A with P£Q = £. 
Thus, without loss of generality £ has matrix representation £ in canonical form. 
Denote by Ii the set of indices i €N s.t. the i-th row of £ is nonzero and by I2 the 
set of indices j S N such that the j-th column is nonzero. Then 

im{£) = {76 fc^; 7fe = for ah fc e N \ /i} 

and 

ker(^) = {7 G fc^; ^ for all k £ h}. 

Then {£\c)^'^ o TT is a scission of £, where tt : fc^ ^ im(£) is the natural projection 
and £ := {7 £ 7fc = for A: e N \ I2} is a direct complement of kcr(£) as a 
fc- vector space. 



4. The Rank Theorem 

Consider a textile map / : C" with tangent map £ = Tagf at uq. Our purpose 

is to linearize / locally at ag by applying local automorphisms of source and target. 
This is obtained by generalizing the Rank Theorem in |HM94| (proven there for 
tactile maps) in three directions: We allow textile maps, we give a version with 
parameters, and also a statement with nilpotcnt coefficients. The main argument 
of the proof from [HM94j is recalled and extended to textile maps in scction [4Tl We 
introduce textile maps depending on parameters in l4.2l and prove the corresponding 
theorem. The nilpotent case is treated in section H31 

4.1. The Rank Theorem for textile maps. We start with some technical pre- 
liminaries. The notation used here is abutted to the analytic case treated in jHM94| . 
A textile map j : U C C — ?> C™ is called a curve (over U) in C™. The argument of 
7 is called the parameter of the curve and is mostly denoted by s. For an arbitrary 
subvector space J C C" a textile map j: U C C C™ is called a curve in J if 
im(7) C J. The set of all curves in J is denoted by r(J). The tangent space TaJ 
of J at a 6 J is defined as the A;- vector space with elements 

97(0), 

for a curve 7 in J with 7(0) = a. Obviously TqC™ can be identified with C™ for 
any a € C™. Thus, a curve in the tangent bundle of C™ is given by a pair of curves 

(7,6)er(C")2. 

A textile map / : C™ — > C^" induces an appropriate tangent map Tf : TC™ TC^ 
and further by composition a map 

r(TC") ^ r(TCP); (7,6) ^ ifl,T,f ■ b). 

In the case of tactiles T^f ■ b is given by 

n 

T,f-b = Y.^d.^-f) (7(5)) •^'(«)- 

1=1 

Let U C C" be an m-adic neighbourhood of ao £ C™. Assume that the image 
im(Tao/) has (as a topological vector space) a direct complement J, i.e. 

im(r,„/) ® J = CP. 
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Moreover let 7 be a curve in U with 7(0) = ag; then we say / has constant rank at 
oq with respect to J if for all curves of the form (/7, 77) in TC^ there exist unique 
curves p and t such that (7, p) defines a curve in TU and t G r(T J) with the 
property 

(4) v = T^f-p + T. 

A textile map f : U Q C™ — > is called flat at oq if for all curves 7 in [/ with 
7(0) = ao the evaluation at s = defines a surjcctivc map 

ker(r^/ : T^U ^ Tf^CP) ker(T,„/ : T.^t/ -> T/(,„)CP). 

Similar to [HM] one proves the following proposition (see |Bru05| ): 

Proposition 4.1. Let f : U C™ be a textile map of type f = £ + h. Assume 

there exists a scission of £, such that ah is contractive. Then f has constant rank 
at if and only if f is flat at 0. 

Remark. The contractivity condition on a and h is necessary to conclude that 
flatness means constant rank. The other direction doesn't need the construction of 
a scission of £. A typical class of flat maps is given by maps with injective tangent 
map. 

Theorem 4.2 (Rank Theorem). Let f : U C C™ be a textile map on an 

m-adic neighbourhood U of with /(O) = 0. Write f in the form f ^ £ + h with 
£ = Tof the tangent map of f at 0. Assume that £ admits a scission a for which 
ah is contractive on U, and that f has constant rank at with respect to ker(^cr). 
Then there exist locally invertible textile maps u : U ^ C™ and v : f{U) ^ at 
such that 

vfu-^ =£. 

Proof. The proof naturally falls into two parts. First construct two invertible textile 
maps M, v; second show that these maps indeed linearize /. This will be ensured 
by the rank condition. Set u = idem + ah. Obviously it(0) = and Tqu = id. By 
contractiveness of ah on U this u is invertible on U. Note: 

£af = £a{£ + h) ^ £ + £ah ^ £{id + ah) = In. 

Thus, fu"^ fulfills £afu^^ = £. Without loss of generality one can assume for the 
rest of the proof that £af = £. The second map v is defined by w = idc? — (idcp — 
£a)fa£a. Again: v(Q) = and v is invertible with inverse = idcp + (idc? — 
£a)fa£a. For later use we write 

V = id — faia + £afata 
= id - fata + £a 
= id — /icr, 

with K{ha) > 0. Note: The diffeomorphisms u and v are constructed without using 
the rank condition at all. Assume / fulfills the equation (*): / = fa£. This would 
imply that 
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vf 



f- 
/- 
/- 



(id 
(id 
(id 



£a)fae 



= £. 



Equation (*) is a consequence of the Rank Condition. The composition a£ is 
a projection onto the complement of ker(^) in C™. It is sufficient to show that 
TafWor(i) = for all a e C" near 0. From £af = £ follows / = f + (idcP - £a)f and 
subsequently 



A textile map f = £ + h is called a quasi- submersion if 

im(/i) C im(^). 

Especially, if £ is surjective, / is a submersion. A quasi-submersive map / is lineariz- 
able if the order condition (i.e., there exists a scission a for £ such that tiiah) > 0) is 
fulfilled. Indeed; by construction of v in the proof of Theorem [421 we sec that in the 
case of quasi-submersive / this map v equals the identity. Therefore, checking the 
Rank Condition becomes obsolete. Quasi-submersions play an important role in 
the applications in section [SJ In fact, the only application in section [S] where quasi- 
submersions do not appear can be found in section 15.61 (in that case the tangent 
map is injective). 

Example. We give an example of a textile map which is neither a quasi-submersion 
nor has injective tangent map (but fulfills the order condition): 



Some simplification: The Rank Condition is technical and may be hard to check. In 
some applications the following simpler condition is sufficient. Let f : U C C" — > 
be a textile map. Denote by J a direct complement of im(ro/). Then / is said to 
have pointwise constant rank at with respect to J if for all a G C/ 



Proposition 4.3. Let f : U C C™ be a tactile, U an m-adic neighbourhood 

ofO. If for allaeU 





□ 



m ■ k[[x, j/]]^ C k[[x, y]]; (a, b) i-^ xya + y'^b + x^ab. 



im{Taf) ®J^CP. 




A(ro/) = {be CP;supp(5) n in(im(To/)) = 0}. 
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4.2. The Parametric Rank Theorem. The Rank Theorem ensures Hnearization 
of textile maps f : U C C" of constant rank near a fixed cord c E U. The 

Parametric Rank Theorem will deal with families of textile maps, thus providing a 
tool to trivialize vector bundles (see section [Q]) . 

Let iS C be constructible and Y C C™ a subfclt. A map 

fs : S xY ^ k;{s,c) ^ fs{s,c) 

is called a regular k-valued family of functions over S if there is a function g : 
U X Y ^ k, where C/ C A' containing 5 is a subvariety and g locally looks like a 
quotient j of /i, Z G k[si, . . . , Sq] CS'fcfc[N^], I locally non-zero, such that g\sxY = fs- 
More generally we define a regular family of textile maps over S on Y as a, map 

fs-Sx y ^CP;(S,C) h-> (/5.a(s,c))^gpj„+i 

where each fs.a is a regular A:- valued family over S. Thus for fixed s = (si , . . . , Sq) S 
S the restricted map 

/, :=/5(s,-) :y ~>CP 

is a (regular) textile map. The Si will be referred to as parameters and S as the 
parameter space. If fg is a family such that all fs are linear maps, we call it a linear 
family over S. As a special case the family id^ : S xY ^ Y , where id^ ~ id for all 
s G iS, appears. 

E fs ■ S X C"' — > C and gg : S x ^ C™ are two regular families we define their 
composition as the family S x ^ C'p given by 

fs °9s ■■= fs ° {proji,gs), 

where proji : S x C ^ S is the projection onto the first factor. Thus {fs o gs)s = 
fs ° gs- A regular family fs : S x C™ is called invertible if there exists a 

regular family gs '■ S x C™ over S with fs°gs^ id. 

Example. Consider 

^Afc : Afe X ^ ^ A; (s, c) ^ (0, scq, sci, . . .). 
Obviously is a regular family. The family cr^, 5 = A^ \ {0}, defined by 

as ■ S X m ■ A A;ci-^ - ■ (ci,C2, . . .) 

s 

is regular with (right) inverse ^1^. Thus as is an invertible family. 

The defining property for contractive textile maps naturally generalizes to families 
of textile maps over S. Let [/ = m' -C" be an m-adic neighbourhood of 0. A family 
fs'-SxU^CPis called contractive on U if it fulfills condition (H)) independently 
of S, or equivalently, it fulfills ([1]) pointwise: fs is contractive on U for all s E S. 

Theorem 4.4. Let fs : S x U ^ C™, C/ = m' • C™, an m-adic neighbourhood 
of 0, be a regular family over S with fs{^,0) ~ 0. Assume fs ^ ^s + ^5 with 
is '■ S X U ^ W linear with inverse £s '■ S x W ^ U . If is ° hs is contractive 
on U, then fs admits on U an (right) inverse, i.e., there is a regular family gs '. 
S X f{U) C™ with fsogs^ ids- 
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Proof. The same reasoning as in the proof of Theorem 12.21 can be appHed in the 
present situation. The inverse for fs is constructed as the hmit of the sequence 
defined by the recursion = 0, 

= ids - hsog\;. 

By induction one shows that is a regular family, the case i = being trivial. 
For i > 0: The map hg is a regular family on ?7 = m' • C™. Therefore - using the 
induction hypotheses - we see that hs o g'g'^ is regular and so is g^. Moreover, 
{ord{g^^^ — gg))i is an increasing sequence. Thus the limit of {gg)i exists and the 
Qf-coefficient of g^, a € N""'""'^, is the same as the a-coefhcient of g^g for some G N, 
for which wc have just shown that it is a regular family. □ 

Consider a regular family fs on U C C™. The tangent map with respect to C™ of 
the family fs (see section [221) is the regular family Tfs given by linear maps Tfs 
which are the tangent maps to the fs, s £ S. 

Let £s ■ S X U —i' CP, U C C™, be a regular linear family. A scission for ^5 is a 
regular linear family 0-5 : 5 x ^ C™ such that iscrs^s ~ ^s- 
Assume that J is a direct complement of im(rao/s) in C^, for all s G 5, where 
ao G U . The family fs is of constant rank at gq with respect to J (or fulfills the 
parametric rank condition at ao w.r.t. J) if for all s G 5 the restricted maps fs are 
of constant rank at ao with respect to J (see section 2]). 

Theorem 4.5 (Parametric Rank Theorem). Let fs : S x U ^ be a regular 
family, [/ = m' • C™; write fs = (-S + hs with £5 := T0/5. Assume fs{—,0) = 
and that the following conditions hold: (i) the linear family is admits a scission 
as s.t. (Jshs is contractive; (ii) the family fs fulfills the parametric rank condition 
w.r.t. a direct complement ofimlTofs). Then there exist regular (locally) invertible 
families us and vs with 

vsfsus^ = is- 

Proof. The arguments used in the proof of Theorem 14.21 mav be applied here. By 
the assumptions and Theorem 14.41 the families us = id^ + ashs respectively vs = 
ids — (ids — iso's)fs<^siso'S are regular and invertible. By condition (ii) and 
Theorem 14.21 these families linearize fs pointwise, thus 

vsfsus^ = is- 

□ 

4.3. The Rank Theorem for test-rings. Let A be test-ring, i.e., a local, com- 
mutative, and unital /c-algebra with nilpotent maximal ideal n. Denote by Ca the 
space of n-cords with coefficients in A. By Theorem l2.2l it follows that for a textile 
map h: U C C™ — C™ which is contractive with respect to the refined order ORD, 
the map id + /i is invertible. Again U denotes an m-adic neighbourhood of 0. The 
proof of Theorem 14.21 can be adopted to this setting, thus giving the analogous 
assertion: 

Theorem 4.6 (Rank Theorem for test-rings). Let A be a test-ring and f : U C 
be a textile map on an m-adic neighbourhood UofO with /(O) = 0. Write 
f in the form f = £ + h with i = Tof the tangent map of f at 0. Assume that 
£ admits a scission a for which oh is contractive on U , and that f has constant 
rank at with respect to ker(£(T). Then there exist locally invertible textile maps 
u:U and v : f{U) at such that 

vfu-^ = t. 
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5. Six instances of the linearization principle 

We are now ready to prove by one argument the results in singularity theory men- 
tioned in the introduction. Recall that C and A denote the fc-algebras of n respec- 
tively 1 cords. In the latter case we speak of arcs. They naturally identify with 
elements of . . . ,a;„]] respectively k[[t]]. 

5.1. On a fibration theorem by Denef and Loeser. Let X C A^' be an 

affine variety over a field k of characteristic defined by elements fi, . . . , fp of 
k[xi, . . . ,Xn\- These polynomials define by substitution of power series a' S k[[t\] 
for the Xi a tactile map F : — > with coefficients (i^i)igN- The felt defined by 
F is called the arc space of X and denoted by X^o ■ In terms of power series 

^oo = {a={a\...,a")€k[[t]r;fi{a) = . . . = fp{a) = 0} 

For g € N we write tt^ for the natural projection Xoc — (.4/m'+^)" = 
sending an arc a to the vector of its first q + 1 coefficient- vectors (oq, . . . , a^). The 
image of Xoo under tt^ is contained in 

Xg = {a= (ao, . . . , a,) e Fo(a) = . . . = F,(a) = 0}, 

the set of "approximate solutions" called the q-th jet-space of X. Note: 7rg(Xoo) 
consists of those approximate solutions which can be lifted to (exact) solutions in 
A^. For an element g € k[xi, . . . , Xn] and an arc a € A" we define the order of a 
with respect to g as 

ordg(a) := ord(g(a)). 

Here g(a) is obtained by substituting a* for Xi in g. Let / C k[xi, . . . ,Xn\ be an 
ideal. The order of a with respect to I is defined as 

ord/(a) := minjordg a; g G /}. 

Especially if / denotes the ideal of Sing(X), we will write Ae{X), e E N, for the set 
of arcs on X lying in Sing(X) with order at most e, i.e., 

AeiX) = {ae Xoo;ord/(a) < e}. 



Theorem 5.1. /^ IDLQQ] . Lemma 4-1) Let X be an affine algebraic variety over k 
of pure dimension d; let e G N. The map 

is a piecewise trivial fibration over 'Kf.{Ae{X)) with fibre m"^"*"^ • A^ . This means: 
T^e{Ae{X)) can be covered by finitely many locally (Zariski-) closed subsets S such 
that there exist textile invertible maps ip with commutative diagram 

7r-\S) ^ S X (m-^+i • A"^) 




S 



This result implies Lemma 4.1 in |DL99| : the trivializing textile map ip is by con- 
struction (see below) compatible with the truncation maps tTq, respectively tt^, 
q > p, a.s described in section [^TTl thus inducing a trivial fibration 7rg+i(Xoo) — >■ 
T^qiXoa), 9 > e, over T:q{Ae{X)) (with respective affine bundle structure) in the 
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sense of [DL99| . The proof of Theorem 15. II will be given in the next two sections. 

The proof of the trivialization of TTg in [DL99| and jLoo02| makes use of Hensel's 
Lemma (see e.g. Corollary 1 in III, §4.5 of |Bou98| ). which in turn follows from 
Thm. 2, III, §4.5 there. Notice that the statement of this Thm. 2 is analogous 
to the Rank Theorem in the respective setting. Our proof of Thm. 15.11 gives in 
addition an explicit description of the trivializing map (p. 

The Hypersurface Case. Let X = V{f) C AJJ with / G k[xi, . . . , x„] be a (reduced) 
hypersurface. The singular locus Sing(X) is given by the Jacobian ideal 

Each a G Ae{X) can be decomposed as a — a + a where a denotes the arc 
(ao, . . . , Ce, 0, . . .) and a = a — a. Thus, ord(a) > e + 1. We identify a with 
the element 7re(a). The polynomial / induces a tactile A. We view / as 

a regular family over the parameter set S = TTeiAe{X)), which is constructible, 
see e.g. |Reg95| , §1, or section (4.4) in |DL99j . The parameter set admits a par- 
tition into locally closed subsets Siy (w.r.t. the Zariski-topology on A^'^^"*"^^), 
{i, e') G A := {1, . . . , 7i} X {0, . . . , e}, defined as 

S,,,, := {a G 7:eiAe{X));mm{ordidjf{a))} = ord(9J(a)) = e'}. 

i 

Consider for a G A the family 

fs^ ■■ X m^+i • ^" ^ A; {a, 77) ^ f{a + r,). 

For simplicity of notation we will denote this family again by /. Taylor expansion 
yields 

fia + rj) = fia) + fid,rj), 

where /(a, 77) ~ ^ djf{a) ■ rjj + h{a, rf) defines a regular family on S. The map h is 
of order at least 2 in ry. 

The map / fulfills all assumptions of the Parametric Rank Theorem. Its linear part 
£ -.^Tof has image 

im(£(a,-)) = (9J(a)) =m^'+^+i 
for all a £ S. The image has direct complement J — ©^^^""'fct*. 

Moreover, 

3 

and ord(9i/(a) + dih{a, g)) = ord(9i/(a)) for all g G m''+^ • Hence, by Propo- 
sition |4?3j / fulfills the Rank Condition for all a G 5 on m'^^^ • A^ (with respect to 
J). By Construction m the linear part £ admits a scission a with contraction degree 
K(cr) = — e' (and complement ker ^cr = J). Indeed, a is constructed by taking the 
quotient when dividing through dif{a) (cf. section [3]). Since the division theorem 
(theorem 13. ip requires monic divisors, the coefficients of the family a ~ will be 
rational in the coefficients of a but regular on the chosen S. It is easy to see that 

K{h) > 2(e -(- 1) - (e + 1) = e + 1 > e'. 

Hence, ah is contractive. The Parametric Rank Theorem gives regular invertible 
families us and vs such that 

vsfsus^ = £s- 
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The map m'^+^ • — > m^+^ • A^'jT] i—^ Ug^^{7j) defines an isomorphism between 
solutions X of 

f{a + x)=0 

and solutions y of 

£{y)^v{-f{a)). 

By linear algebra the set of solutions to the last equation is isomorphic to m'^'^^ -A"'^ 
via a linear map ^ : m*^'*'^ • A"' m'^^^ • A^~^. This results in the commutative 
diagram 




5 



where (p is the invertible textile map defined by Lp{a + a) = (a, ^jju^ "^(a))- 

Consider now the general situation S — UaeA'Sa- Then for each a G A there exists a 
trivializing map ipa. It is a simple matter to check that the transition maps (paip^^ 
are linear isomorphisms for a, /? e A. This completes the proof in the hypersurface 
case. 

The General Case. Let X be an algebraic variety over k of pure dimension d defined 
by the ideal (/i, . . . , /at) in k[xi, . . . , a;„]. Its singular locus is given by the ideal 

{fi, . . . , fN,9) where 6 is running through all [N — (i)-minors of 9/ = ( 4^ ) . In 

this case Ae{X) is the set of arcs a £ Xoo for which ord 6'(a) < e for at least one 
{N - d)-minor 6. 

We proceed analogously to section 15.11 and first show that pointwise linearization 
is possible. Let a again be the truncation of an arc a 6 Ae{X) to order e and 
consider df{a) S Since k[[t]] is a principal ideal domain, we can find 

linear automorphisms P, Q of respectively fc[[t]]" such that Pdf{a)Q is in 

Smith- form, i.e., 

/ t^^Ei ••• •■• \ 

■. : : 

; f'^-'EN-d '■■ : 
••• 

V / 

with Ei g and ei < . . . < £N-d- Endow with the module ordering 

defined in section [3] Then it is clear that the first N — d columns form a standard 
basis. Its maximal order is given by e^-d- The greatest common divisor of all 
(A'^ — d)-minors of df(a), which is invariant under equivalence of matrices, is equal 
to Yii^i^'^'- Therefore ejv-rf < e. Constructing a scission a for £{z) ~ df{d)z as 
in section [3] thus shows that ah is contractive. By Proposition 14.31 we see that the 
Rank Condition is fulfilled. This gives pointwise linearization of a ^ f{d + d) where 
/ = (/ii ■ • ■ : In)- 
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We leave it to the reader to verify that one can carry out the same procedure as in 
section [01 to prove the local triviality of Tr^ : X^o — > 7i'e(-''^oo) ^ (fc")"^^^. 

5.2. On a local factorization theorem of Grinberg-Kazhdan and Drinfeld. 

Let X be a scheme of finite type over k and denote by X^o [70] the formal neigh- 
bourhood of the arc space Xoo in a fc-arc 70 which does not lie in (SingX)tx3. If 
Z is a scheme with structure sheaf Oz and / is an ideal sheaf of a point p £ Z, 
then the formal neighbourhood of Z in p, denoted by Z[p], is the topological space 
{p} equipped with the structure sheaf lim Oz / J" (given by Oz,p)', see for example 
[Har77| . Chap. II. 9. For our purpose we will use the characterization of a formal 
neighbourhood by its functor of points (see below) . The following theorem is proved 
for /c = C by Grinberg-Kazhdan in |GKOO| and for arbitrary fields k in jDri02| (for 
the notion of formal scheme we refer to |Har77| . Chap. II. 9.): 

Theorem 5.2. Under the above assumptions we have 

X^[jo]^Y[y]xD°°, 

where Y[y] is the formal neighbourhood of a (possibly singular) scheme Y of finite 
type over k in a suitable point y E Y and D°° is a countable product of formal 
discs, i.e., the formal spectrum ofk[[t]]. 

Remark. Denote the structure sheaf of X^o by Ooo • The assertion can be reformu- 
lated (see |Reg06[ ) as 

Here B denotes a complete local Noetherian ring (corresponding to Y[y]) and 
B[zi\i e is the completion oi B[zi;i G N] w.r.t. the ideal {zi\i G N). 

We will show that in the case of hypcrsurfaces this local factorization theorem can 
be seen as a consequence of the Rank Theorem (over a field of characteristic 0). 
The restriction to hypcrsurfaces is not essential but keeps notation simple. The 
relation between these two results is as follows: As in |Dri02| we use the character- 
ization of the formal neighbourhood by its functor of points from test-rings to sets. 
A test-ring A is a local, commutative, and unital fc-algebra with nilpotent maximal 
ideal n and residue field k. The ^-points of Xoo[7o] are y4[[t]]-points of X whose 
reduction modulo n coincides with 70. 

Consider a hypersurface X given by / G k[xi, . . . , x„, y] where fc is a field of char- 
acteristic 0. Let 7o = {xo,yo) G be a fc-arc of X, i.e., /(70) ~ 0. Moreover, 
we assume that 70 ^ (SingX)oo, thus, w.l.o.g. oidt dy f {xq , yo) ~ d > (the case 
d = is trivial and will henceforth be excluded). In this setting finding j4-points 
for [70] translates into finding 7 — (x, y) G ^[[i]]" x A[[t]] with 7 = 70 mod n 
and 

/(2:,2/)=0. 

By the Weierstrass Preparation Theorem there are a unit u G j4[[t]]^ and a distin- 
guished polynomial q G A[t], both unique, such that 

dyf{x,y) = u-q. 

Taking this modulo n shows that degj q = d (d depends on 70 but not on 7). For 
any integer r > 1 we define the textile isomorphism 

Amr+' ^ ^W5(r+i)<i X m<rd x x Amy, {x,y) ^ {x,y,^,r,) 



28 



CLEMENS BRUSCHEK AND HERWIG HAUSER, 



induced by Weierstrass division x = x + <f^^£,, y — y + (f^- Now work with 
/ o . This win have the advantage that after fixing x and y the induced map is 
a quasi-submersion. Note: ij^q is not textile for general A - we are strongly using 
the nilpotency of n in A. By Taylor expansion of dyf{x + q^^^^, y + q^rf) it is easy 
to see that 

(5) dyf{x,y) = u-q 
for some u £ A[[t]]^ . Fixing x and y consider 

if : A[[tr X Am] ^ Aim it v) ^ fix + q^+^e, y + g'-??) - m, yl 

which has Taylor expansion 

^(e, r;) = dj{x, y)q^+' ■ ( + dyf{x, y)q^ ■ + Hiq^'+'i, q^rj), 
where H is at least of order two in its entries. Denote the linear part of ip by 
£. From equation ([S]) we deduce that im{£) = {qY~^^ and by construction for 
v) = H{q^^^£^, q^rj) the relation im(/i) C im(£) holds, i.e., ip is quasi-submersive. 
Therefore we don't have to check the rank condition. Set e = ordt{q) and define 
a to be the scission for I constructed via division by uq^'^^ . It is obvious that the 
contraction degrees satisfy k(^) = — (r+ l)e and K,{h) > 2re. In the case that e > 
the order condition is fulfilled: K{h) = 2re > {r + l)e ~ k((t). If e = the situation 
is more complicated. The composition ah is still contractive with respect to the 
refined order ORD by Lemma 12.31 Therefore, the linearizing automorphism u in 
Thm. 14.21 can be constructed. This allows linearization of (p. Solvability of the 
linearized equation 

(6) £{C,v) ^ fi^.y) 

is given, since by assumption f(x,y) G (qY^^. In fact, the solution space to 1^ is 
a free A[[i]]-modulc of rank n. 

Conversely, given {q,x,y) G A[t] x A[t]^d(^r+i) x A[t]^rd fulfilhng conditions (C) 
and equations (E) below, the induced map ip is linearizable and the corresponding 
linear equation (jG]) has a solution. The conditions and equations are as follows: 



(C) { 

Cy 



q = t mod n, q monic 



X 



mod n — XQ mod 



y mod n = yo mod [tY^ 



and 



(E) 



El : dyf{x,y) = mod [q) 
E2: /(x,y)=0 mod(g'-+i). 
Indeed, by (Ei) we sec that dyf{x, y) = B -q ioT some B e A[[t]] (here we naturally 
identify x, y with elements in A[t]). From (C) it follows that B G A[[t]] ^ . Therefore, 
im{£) = {qY~^^; ip fulfills rank and order condition as follows analogously to the 
presentation above, and the equation 

(7) ^(e,ry) = /(i,y) 

has a solution by (E2). In fact the set of solutions to equation ([7]) is isomorphic to 
some A^. 

To sum up, any A-deformation of the arc 70 is determined by (5, x, y) fulfilling 
conditions (C) and (E) and by which have to fulfill a linear equation. The 

first data defines a scheme Y of finite type over k. As in jDri02| for any fc-algebra 
R the set Y{R) consists of triples (g, x, y) fulfilling (C) and (E) (with A replaced by 
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R); the distinguished element y € Y appearing in the Grinberg-Kazhdan-Drinfeld 
formal arc theorem corresponds then to {f^'jXo mod (i)^'^'*'^-''^, ?/o mod (t)''')- 

5.3. On the solutions of polynomial differential equations. Textile maps 
appear naturally in the context of differential and difference equations. For q,n G 
N and polynomials Pi in qn indeterminates we consider the following system of 
ordinary differential equations (with constant coefficients): 



(*) 



X71 — L YLydj\^ . . . ^ djji^ ^ ■ • • ^ -^n 5-.-7.^n ) 

We are searching for solutions x = (xi, . . . , x„) S A:[[t]]" where denotes the l-th 
derivative (with respect to t) of a power series Xi G k[[t]]. The problem of finding 
solutions to this system can be formulated via cords and textile maps as follows: 
Identify again with A and denote by D the differential operator 

D : A;a^ (ai)ieN ^ ((« + l)ai+i) -gj^ . 

For j G N its j-th power is written as I?-' , D'^ := id. Wc denote by pi the tactile map 
induced by Pi. Solutions to the system (*) are zeros of the textile map / : — > A^; 

/ D'J{xi) - piixu . . . ,Xn, ■ . ■ ,D^-^Xi, . . . ,D^-^Xn) 
/(xi, • ■ • , ^n) — ; 

\ D'^ixn) - p„(xi,...,x„,...,i?«-ia^i,...,D9-ix„) 

Taking into account initial conditions D^Xi{0) — Xq ^, i = 1, . . . ,n, j ^ 0, . . . , q — 1 
yields a regular family 

/<B : <B X (m" ■ ^ 
where *B = (fc'?)". Denote by fx^ the restricted map />b(xo, — ). Zeros of f^g are 
solutions of the differential equation with initial condition G 23. 

Theorem 5.3. Solutions of the polynomial differential equation (*) with initial 
vector xq are isomorphic to solutions y G m'' • A" of a linear system of the form 

m = bo, 

where £ : A"' — > ,4" is textile linear and bo G A"' . 

The proof is mostly a consequence of the following lemma: 

Lemma 5.4. (a) Let vi, . . . ,Vp G N U {0} and ni, . . . , jip E N; the map 

g:A^A;x^ [D'^xY' ■ ■ ■ {D^^xf^ 
has contraction degree K{g) > — max{j/i, . . . , Vp}. 

(b) Let U be a neighbourhood of and let h : U ^ A ^ A be a textile map. Then 

K(Toh) > K{h). 

Proof. (Lemma) (a) is obvious. For (b): write hi for the z-th coefhcient of h. Then 



Toh-y^dh,y = ^(a^/i)(0)-2/^ 



76P 



J2 (d^h^my. 



Hence, n{Toh) > n{h). 
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□ 

To prove the theorem we proceed as follows: Using Taylor expansion gives fxg as 
fxoiv) = .f{xo) + f{xo;y) with f{xo;0) = 0. This /(xo, -) : m?-^" ^ ^" fulfills the 
assumptions of the Rank Theorem: According to (a) in Lemma[53J k{p) > — (g — 1), 
and further by (b) k{Tqp) > — (g — 1) follows. Since Tq/ = 13' — T^p. we deduce 
KiTof) = —q. By Construction [2] there is a scission a for Tq/ with k((t) = +q. 
Hence, a composed with h := f — Tq/ is contractive. The Rank Condition is 
fulfilled since Tgf is injective and, thus, flat (see Proposition I4.f p . 
By the Rank Theorem there exist linearizing automorphisms u, v such that vfu~^ = 
£ with £ := Tq/. Similar to section ISTTI wc conclude that solutions of £{xo;r]) = 
v{—f{xo)) are isomorphic to solutions of f{xo + u^^(ry)) = 0. 

5.4. On Tougeron's Implicit Function Theorem. Using Theorem l4.2l we prove 
the following result, known as Tougeron's Implicit Function Theorem (see Propo- 
sition 1, p. 206 ff. in jToueSQ : 

Theorem 5.5. Consider variables x = (xi,...,x„) and y — (yi, . . . , j/p); let 
F G fc[[a;,y]] with _F(0, 0) = and k a complete valued field of characteristic 0. 
Denote by S the Jacobian of F w.r.t. y evaluated at {x,0), by A the Jacobian 
ideal of F, i.e. A = (di, . . . ,Sp) with Si = dy.F{x,0), and by B any proper ideal 
in k[[x]]. If F{x,0) G BA^, then there exist yi{x), . . . ,yp{x) G BA such that 
F{x,yi{x), . . .,yp{x)) = 0. 

The proof of the theorem reduces to a proof of the following lemma (see [Tou68| ) : 

Lemma 5.6. With the notation of the theorem and new indeterminates = 
(yj, . . . , t/p), i = 1, . . . , r, the following assertion holds: For any r < p there are 
power series V G k[[x, yj; 1 < ^ < 1 < j < p]]P, 1 < i < r, so that 

r r 

F{x,Y,5.Y') = F{x,0) + 5{Y,5,f). 

1=1 2=1 

The lemma obviously asserts that the tactile map 

r 

g:{y\...,yn-^F{x,Y,5,f) 

1=1 

can be linearized. As we know from the introduction, linearizing tactile maps in 
several variables is not always possible. In the situation of the lemma, however, we 
work with a quasi-submersion. Indeed, the textile map / at hand is induced by a 
rather arbitrary F G A:[[a;,y]], in which for y a linear combination of 5; is substi- 
tuted. Thus, the image of / is contained in the image of the tangent map given 
by 5: / is a quasi-submersion, the Rank Condition is obsolete and linearization 
is possible as soon as the order condition is fulfilled. Note: the Rank Theorem 
ensures linearization by textile maps. Thus we will have to check that the lineariz- 
ing automorphisms obtained from the Rank Theorem in this case are indeed tactile! 

Proof of Lemma [5751 - Write F[x, y) = F{x, 0) + Sy + H{x, y) where H is at least 
quadratic in y; set z = (z^, . . . , z[, . . . , z^, . . . , zp. Without loss of generality 
F{x,0) = 0; otherwise consider F{x,y) — F{x,0). Define the matrix D as the 
p X p block matrix diag((5_, . . . , (5_), where S_ ~ (Ji, . . . , Sr). Then consider the 
tactile map 



g : k[[x]YP k[[x]];z ^ F{x, D ■ z). 
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The tangent map of g with respect to z at is given by 9g(0)= dF{x, 0) • D and 
thus / = im{dg{0)) = {SiSj;! < i < p,l < j < r). We first check the Rank 
Condition. The non- linear part of g is H{x, D ■ z). Its image is obviously contained 
in /. So im(g) C /. The automorphism v of Theorem 14.21 is in this case defined 
as w = id — (id — dg{0)a)gadg{0)a for a scission a of ^^(O). But since id — dg{0)(j 
is a projection onto the complement of / we see that v = id on im{g), i.e., g has 
constant rank. In particular w is a tactile map. 

It remains to prove that ah is contractive. Here we use a scission a as constructed 
in section [3l For this write h{x,z) ~ J2i<i j<r ^i^j^vi-''^ ^O'" appropriate hij G 
2;]]. Note that in the definition of hij we keep track of the order of this 
is just a technical convention. The scission a is given by division through the diSj, 
^ ^ i, j ^ 1^- Since h{x, z) has this special form there is a natural way how to divide: 
ah{x, z) has on position (i — 1) • r + j the term hij and else. It's easy to sec that 
K{ah) > 0, since the hij{x,z) are at least of order 2 in z 6 (xi, . . . ,x„) C 
Moreover, id + ah is tactile, since the hij{x, z) are power series in x, z. Thus the 
lemma follows from Theorem 14.21 □ 



5.5. On Wavrik's Approximation Theorem. Let F G fc[[a;,y]][z] with inde- 
terminates x = (xi, . . . , a;„), y = (j/i,...,yp) and z ~ (zi, . . . , z,.). We are now 
interested in solutions {y{x),z{x)) G fc[[a;]]^+'" to F{x,y,z) = 0. The solution is 
called an N -order solution if ordi^(a;, y{x), z{x)) > N + 1. The following assertion 
has been proved for F polynomial in |Art69j and for F a power scries in |Wav75| : 
Given a positive integer q, there is an iVo = No{F,q) such that any iV-ordcr solu- 
tion, TV > A^Oj can be approximated to order q by an exact solution. Let us review 
this theorem in the special case n=p = m= l,i^an irreducible polynomial as is 
proven in Theorem I of [Wav78j : 

Theorem 5.7. Given q > and F{x,y) e k[x,y] irreducible there exists an N 
such that if y € k[[x]] satisfies F{x,y) = mod (x)'^ , then there exists a series 
y{x) S k[[x\\ with F{x,y{x)) = and y{x) = y mod {x^ . 

Proof. Using the following argument (see [Wav78| , proof of Theorem I) we can fur- 
ther assume that ord^ dyF{x, y) < r G N: Consider the discriminant A £ k[x] of F 
and dyF and polynomials A{x, y) and B{x, y) such that A = AF + BdyF. Denote 
by d the order of A. If ordF(x,y) > d then ord dyF{x,y) < d. 
Take an element yo £ degj/o ^ d, such that ordF(x,?/o) > d + 1 and 

OTddyF{x,yo) = e < d. The textile map g : (x)''+^ C k[[x]\ k[[x]], g{z) = 
F{x,yo + z) has constant rank, since im(F) C v[n.{dyF{x,yQ)) = {xY- It is easy 
to see that K{ah) > 0, where cr is a scission of dyF{x,yo) as in section [3] and 
h(z) = g{z) — dyg{yo)z. Thus we may linearize g at and lift any such j/o to a 
solution y{x) of fix^y) = 0. This linearization is possible as soon as y^ is known 
up to order d. □ 

Remark. One should note that the index TV obtained in the proof by using the 
Rank Theorem is much lower than the one provided in |Wav78| . p. 411. The proof 
provided there needed N = 2d + q. This follows from the fact that Tougeron's 
Implicit Function Theorem is used, which is not as efficient as the Rank Theorem. 
In a subsequent section of |Wav78j a minimal is computed by means of resolution 
of singularities. It is not clear whether this optimal N is the same as the one 
obtained in the proof above. 
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5.6. On an inversion theorem by Lamel and Mir. In their paper |LM07] . 
Lamel and Mir investigate the group of local holomorphic automorphisms of C" pre- 
serving a real analytic submanifold M (Cauchy-Riemann automorphisms). Their 
key result to describe this group is as follows. Denote by 0„ the space of holo- 
morphic germs (C",0) — s- C, and by Aut(C",0) C OJJ; the group of biholomorphic 
germs of (C",0). A map / G OJJ is said to have generic rank n if its Jacobian 
determinant dct(9/) is nonzero as an clement in On- Any / G induces a map 
F : Aut(C", 0) — > On given by the composition u ^ f o u. 

Theorem 5.8. (Thm. 2.4 in |LM07| ) Let f G OJJ be a germ of a holomorphic 
map of generic rank n. There exists a holomorphic map ^' : OJJ x GL„(C) — > 
Aut(C",0) inverting F in the sense that ^ {F [u) , du{0)) = u for all u G Aut(C",0). 
Furthermore can be chosen such that A))(0) = A for all b G Ol^ and 

X G GL„(C). 

Proof. We shall show how the Rank Theorem allows to construct a suitable ^' in the 
formal context taking the space C„ = C[[xi, . . . , of formal power series (cords) 
instead of ©„. In order to treat convergent power series one has to refer to the 
Rank Theorem from |HM94| , with the same reasoning as in the formal case. The 
argument in |LM07| is much more involved, their computations invoking tacitly 
various instances of the proof of the Rank Theorem. 

The map F : — )■ C" is tactile with Jacobian determinant det((?/) 7^ G C„. 
Our goal is to linearize it locally at the linear part Xx of a given u. Decompose 
u G Aut(C",0) as u{x) = X-x + v{x) with A G GL„(C) and v G C of order 2. 
Consider the Taylor expansion (with the obvious abbreviation) 

G{x) = f{u{x)) - f{Xx) = df{Xx) ■ V + d^fiXx) ■ + . . . , 

with linear part i{v) = df{Xx) - v. Since / is of generic rank n and A G GL„(C), the 
map £ is injective. Thus G has constant rank at 0, by the remark after Proposition 
14.11 Next we show that G fulfills the order condition of the Rank Theorem (Thm. 
14. 2p . In order to keep notation short we assume that A is the identity matrix. 
Denote the initial form of lowest degree of /* by /* and write for the order of 
By the same triangularization argument as in Lemma 4.5 of [LM07| we may 
assume that = (/^, . . . , /") has generic rank n. This gives 

orddet(9/*) = ei + . . . + e„ - n. 
Moreover for /3 G N", |/3| = m, and Z G {1, . . . , n} we have 

ord{df! fi) >ei-m 

for e; > m and ord(9^/^) = 00 else. As the map / has generic rank n a scission 
a for £ can be obtained as in Proposition 13.31 bv the adjoint matrix of df. The 
nonlinear part h = G ~ £ consists of all terms of G which are of order at least 2 in 
vi, . . . ,Vn. We write 

h{v)= J2 

q|>2 

with ha G C". For \a\ = m > 2, the coefficient vector ha has i-th component /i^ 
involving the m-th order partial derivatives of Multiplication with the adjoint 
matrix of df yields in the i-th component 
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1=1 



Here, A'^''-') denotes the (n — 1) x (71 — 1) matrix obtained from an n x n matrix 
A by deleting the i-th row and the j-th column. From the last equation it follows 
that each term in the sum is of type 

l<i<n 

where ij £ {1, . . . , n} and fi £ N", = m. Obviously 

n 

rd T > Ci — n — m + 1. 



ore _ 

j=i 



This allows to compute the contraction degree k of the map 
if V varies in (xi, . . . , a;„)^ • C,". We get 



K{ipa) > ^(^^ 6j — n) + e.; — n — m + 1) + (2m — 2) 
1=1 1=1 
= m — 1. 

So K{(pa) > for all a with |a| = to > 2. Now 

(cr/i)(z) = ifaiz) 
QeN",|a|>2 

yields 



Hi{ah) > minK((y5c() = 1 > 0. 

The order condition is fulfilled. Therefore G can be linearized to £ by local auto- 
morphisms of source and target. Once this is done, it suffices to solve the linear 
equations in order to construct the required map 4* of the theorem. □ 



6. Outlook and unsolved problems 

We conclude the article by a collection of questions related to the linearization 
principle and its applications. 

(a) The Grinherg-Kazhdan-Drinfeld formal arc theorem: Theorem 15.21 describes a 
factorization of the formal neighbourhood of an arc (not lying completely in the 
singular locus of the base variety) into an infinite dimensional smooth part and a 
formal neighbourhood Y[y\ of a possibly singular scheme of finite type y in a point 
y & Unfortunately, the proofs presented in |GK00j . |Dri02| and section [Ol relv 
on a non-constructive functorial description of the formal neighbourhood. In simple 
examples it is possible to compute the decomposition explicitly: 
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Example, (cf. jDri02| ) Let X be the hypersurface 

g = yxn+i + /(xi , . . . , x„) = 0, 

/(O) = 0, and take 70 = (0, . . . ,0,t,0) S X^o where the first n + 1 components 
correspond to the variables Xi, 1 < i < ?? + 1. Note that dyg{'-fo) ~ t. thus 
7o ^ (^sing)oo- In this example we can identify Y with SpecA:[a;i, . . . , Xn\/{f) and 
y with 0. To see this, let ^ be a test-ring with maximal ideal m. We are interested 
in the A-deformations of 70, i.e., in 

7 = (a;i(t),...,x„+i(i),2/(t))GA[[ir+2 

with 7 mod m = 79. By the Weierstrass Preparation Theorem any A-deformation 
Xn+i{t) of t can be written as 

Xn+l{t) = u{t - a), 

with a S m and u G j4[[t]]^. It's easy to show the following: Given a,u and 
xi{t), . . . ,Xn{t) G iTi[[t]] there is at most one y{t) G m[[t]] such that 

y{t)xn+i{t) + f{xi{t), . . . ,Xn{t)) ^ 0. 

Moreover, y{t) exists if and only if f{xi{a), . . . ,a;„(a)) = holds. Thus, any A- 
deformation of 70 is determined by a G m, . . . , a;„(t)) G m[[i]]" with the 

property 

f{xi{a), . . .,Xnia)) = 
and u G ^[[i]]^ (note: {xi{a), . . . , a;„(a)) is nothing but an A-point of Spec k[x]/{f) 
equal to modulo m). Conversely, any A-deformation ^ of in F gives rise to an 
A-deformation of 70 in the following way: choose {xi{t), . . . ,x„(i)) G tn[[t]]" such 
that 

f{xi{t),...,xn{t)) G {t-^)-mm]. 
This involves free choice of infinitely many coefficients of the Xi (t) which contributes 
to the D°° part in Theorem [521 Next we take an arbitrary u G A[[t]]^ , once more 
the coefficients of u contribute to D°° . Finally, we determine y(t) uniquely by 

y{t)^u~\t-py'f{xiit),...,Xnit)). 

It would be desirable to be able to compute explicitly the decomposition of the 
formal neighbourhood for the general case. Moreover, we would like to identify the 
finite type part Y[y]. What is its geometric significance (for the arc scheme and 
the base scheme)? 

(b) Power series solutions to differential equations: Describe the geometry of power 
series solutions to non-linear (ordinary and partial) differential equations by means 
of the rank theorem. A first step has been carried out in section [5731 where we con- 
sidered explicit ordinary differential equations with constant coefficients. Examples 
of more complicated cases are: 

tx' + 2-^=0 

or 

t{x'f +x^=0. 

In addition one could try to regain and extend the results in |DL84| . There Denef 
and Lipshitz prove among other results a version of Artin's approximation theo- 
rem (see section [23]) for algebraic differential equations: any formal power series 
solution to an algebraic differential equation can be approximated (in the m-adic) 
topology by a differentially algebraic power series. 

(c) Implicit/Inverse function theorem for textile maps: textile maps are a natural 
generalization of maps given by substitution of power series. Theorem 12.21 shows 
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invertibility of textile maps which are (up to a hnear coordinate change) of the 
form id + h, where h is contractive (see section [^?T|) . Several lines of further inves- 
tigation lie at hand: first, one could try to weaken the contractivity assumption, 
probably adding some additional structure to the coefficient ring k. In the case 
of the formal arc theorem (section l5.2p we could weaken the assumptions on h to 
having contraction degree K{h) > as soon as k was replaced by a test-ring (which 
especially implied completeness w.r.t. to the topology defined by the powers of its 
maximal ideal). Second, if wc assume that fc is a complete valued field, we might 
ask for properties of h ensuring convergence of the image of a convergent cord: we 
call a cord convergent if its coefficients are the coefficients of a convergent power 
series. Under which conditions is h{c) convergent if c is? In the special case of 
tactile maps over C a positive answer can be found in jHM94| . Thm. 6.2. As 
a variation, one could rise the same question for "algebraic cords" c. A cord is 
called algebraic if its coefficients match with the coefficients of an algebraic power 
series. These last generalizations constitute an important step towards an approx- 
imation theorem for textile maps (sec below). In view of this, an adapted version 
of Tougeron's implicit function theorem for textile maps is another goal to strive for. 

(d) Artin Approximation: the approximation theorem (Thm. 15. 7|) shows that any 
sufficiently good approximate power series solution to a formally analytic system 
of equations can be approximated (in the m-adic topology) by an actual solution. 
Moreover, in case of polynomial systems of equations, any power series solution 
can be approximated by algebraic solutions (see jArt69| ). Both results are local in 
nature, since they focus on the structure of the solution set locally (in the m-adic 
topology) at an approximate/formal solution. How does the geometry of the set of 
power series solutions look like in general? The Denef-Loser local triviality result 
(Theorem 15. ip can be seen as an answer for the case of power scries solutions in 
one variable to a polynomial system with constant coefficients. 
Furthermore, viewing power scries as cords, it is natural to ask for an approxi- 
mation result for textile maps: Let c be an approximative solution to the textile 
equation / = 0. Is it possible to approximate c by an actual solution? Or, under 
which conditions can solutions of a textile map be approximated by convergent (or 
algebraic) ones? In contrast to the case of tactile equations (as they appear in 
Artin's result), the answer will be negative in general. So the question is, under 
which conditions do such approximation results hold? 
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